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Abstract. We present the two-level homogenization of the flow in a deformable double-
porous structure described at two characteristic scales: the higher level porosity associated
with the mesoscopic structure is constituted by channels in an elastic skeleton which is
made of a microporous material. The macroscopic model is derived by the asymptotic
analysis of the viscous flow in the heterogeneous structure characterized by two small
parameters. The first level upscaling yields a Biot continuum model coupled with the
Stokes flow. The second step of the homogenization leads to a macroscopic flow model
which attains the form of the Darcy-Brinkman flow model coupled with the deformation
of the poroelastic continuum involving the effective parameters given by the microscopic
and the mesoscopic porosity features.
1 INTRODUCTION
The double porosity materials consist of two very distinct porous systems so that their
interaction has a strong influence on the fluid transfer and other mechanical properties.
In general, the primary and the dual porosities can be distinguished. These two systems
characterized by very different pore sizes are arranged hierarchically, one is embedded in
the other. In the present study, we consider the fluid-structure interaction problem in the
double porosity medium. To respect the skeleton poroelasticity, we extend the model of
the hierarchical flow in a rigid double porosity medium described in [8]. The two-level
homogenization by the periodic unfolding method was applied to upscale the Stokes flow
in a rigid micro-porosity and, consequently, to upscale the Darcy-Stokes system relevant
to the mesoscopic medium. The macroscopic flow was described by a Darcy-Brinkman
system of equations governing macroscopic fields of pressure and flow velocity. The model
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Figure 1: Hierarchical porous structure parameterized by ε, the characteristic size of the microporosity,
and by δ which describes the size of the mesoscopic heterogeneities.
derived in this conference paper follows also the hierarchic upscaling procedure described
in [7], where a static problem was considered. In [6] we modified the model of a hier-
archical poroelastic material by including the Darcy flow in the microporosity. Here we
consider a reiterated homogenization of the Stokes flow problem with a strong contrast
in the fluid viscosity between the micro- and meso-pores. The 1st level homogenization
leads to the Biot model associated with the microporosity whereby interface conditions
between the Darcy and Stokes flows are obtained. The 2nd level upscaling of the meso-
scopic fractured medium then follows: the mesoscopic model is constituted by the Biot
model governing the microporosity and by the Stokes flow model of the fractures. In
the paper we present the local problems for characteristic responses; using their solutions
the homogenized coefficients of the meso- and macro-models are computed. Numerical
illustration is included to illustrate the model response.
2 A MODEL OF FLOW IN DEFORMING HIERARCHICAL POROUS
MATERIAL
In this section, we introduce the fluid-structure interaction problem in the pores of
the fractured microporous medium. This model is then analyzed using the two level
homogenization.
2.1 Geometry and scales
The double porous structure is characterized by two small parameters, ε and δ, which
are related to two characteristic scales; denoting by L a macroscopic characteristic length,
we have:
• mes = δL, the mesoscopic characteristic length, and
• mic = εmes, the microscopic characteristic length.
The hierarchical porous material occupying open bounded domain Ω ⊂ R3 is character-
ized by two scales related to two small parameters ε and δ, see Fig. 1. At the mesoscopic
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scale the periodic structure is formed by channels represented by domain Ωδc occupied by
fluid. The domain Ωδm = Ω\Ωδc is constituted by a microporous material consisting of the
solid and fluid parts. In particular, domain Ωε,δp ⊂ Ωδm represents micro pores occupied
by fluid, whereas Ωε,δs = Ω
δ
m \ Ωε,δp is the skeleton.
The above domain decomposition is summarized, as follows:
Ω = Ωδm ∪ Ωδc ∪ Γδ ,
solid Ωεδs ⊂ Ωδm ,
microporosity Ωεδp = Ω
δ
m \ Ωεδs ,
fluid Ωεδf = Ω
εδ
p ∪ Ωδc ∪ Γδ ,
(2.1)
Moreover Ωεδs ∩ Γδ = ∅, thus, the mesoscopic “fictitious” interface is situated in the fluid
part.
In the rest of the paper, to simplify the notation, we drop the superscripts ε and δ.
2.2 Problem formulation
The solid skeleton Ωs is occupied by an elastic material described with the elasticity
tensor ID = (Dijkl) satisfying the usual symmetries. We consider a viscous incompressible
fluid saturating the micro- and the mesoscopic pores, see (2.1). Following the works [2],
cf. [8], dealing with models of the rigid double porous media, the viscosity ηε,δ is given
by piece-wise constant function according the micropore size ε:
ηε,δ =
{
ε2η¯ in Ωε,δp ,
η in Ωδc .
(2.2)
This scaling of the viscosity in micropores is the standard consequence of the non-slip
boundary condition for the flow velocity on the pore wall, cf. [4].
The problem imposed in Ω at the microlevel is constituted by the following equations
and boundary and interface conditions governing the displacement u of the solid and the
fluid pressure and velocity fields (v f , p):
−∇ · IDe(u) = f s in Ωs ,
n · IDe(u) = n · σf on Γfs ,
n · IDe(u) = g s on ∂σΩs ,
u = 0 on ∂uΩs ,
(2.3)
−∇ · (2ηe(v f )− pI ) = f f in Ωf ,
∇ · v f = 0 in Ωf ,
v f = u˙ on Γfs ,
w = w¯ on ∂extΩf ,
(2.4)
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where e(u) is the small strain tensor, σf is the fluid stress, f is the volume force, g s is
the surface traction stresses acting on the solid part; the exterior part ∂extΩs of the solid
splits into two disjoint parts, ∂extΩs = ∂σΩs ∪ ∂uΩs.
Above, to introduce the relative fluid velocity w = v f − ˙˜u in the fluid-saturated pores
Ωεδf , we define a displacement extension u˜ in Ω such that u˜ ≡ u in Ωs.
To introduce the weak formulation of the fluid-structure interaction problem, we use
spaces of admissible and test displacements and relative fluid velocities,
V 0 = {v ∈ H1(Ωs)| v = 0 on ∂uΩs}
W 0 = {v ∈ H1(Ωf )| v = 0 on ∂Ωf} , Wv¯ =W 0 + w¯ ,
(2.5)
where w¯ is extended from ∂extΩf to Ωf . By H
1(Ω) we denote the the standard Sobolev
space W 1,2(Ω) of vector-valued functions.
The weak formulation of problem (2.3)-(2.4) reads, as follows: For any time instant
t > 0, find (u(t, ·),w(t, ·), p(t, ·)) ∈ V 0 ×Wv¯ ×H1(Ωf )), such that∫
Ωs
IDe(u) : e(v)−
∫
Γ
n · σf · v =
∫
∂σΩs
g s · v +
∫
Ωs
f s · v , v ∈ V 0 ,∫
Ωf
2ηe(w + ˙˜u) : e(z ) +
∫
Ωf
z · ∇p =
∫
Ωf
f f · z , z ∈W 0 ,∫
Ωf
q∇ · (w + ˙˜u) = 0 , ∀q ∈ L2(Ωf ) .
(2.6)
We recall that all functions and parameters involved in (2.6) depend on the two small
parameters ε and δ. Passing to the limit with microstructure sized associated with ε→ 0
give rise to the mesoscopic model reported in Section 3. The second level homogenization
associated with with parameter δ → 0 leads to the macroscopic problem described in
Section 4.
3 MESOSCOPIC MODEL – THE FIRST LEVEL UPSCALING
The porous medium situated in Ωm is generated as a periodic lattice by repeating
the representative volume element (RVE) occupying domain Y ε = εY . The zoomed cell
Y = Π3i=1]0, y¯i[⊂ R3 splits into the solid part occupying domain Ys and the complementary
fluid part Yf , thus
Y = Ys ∪ Yf ∪ ΓY , Ys = Y \ Ym , ΓY = Ys ∩ Yf . (3.1)
For a given scale ε > 0, i = εy¯i is the characteristic size associated with the i-th coordinate
direction, whereby also ε ≈ i/L for a given macroscopic characteristic length L.
3.1 Local problems and homogenized mesoscopic poroelastic coefficients
For any D ⊂ Y , ∼∫
D
= 1|Y |
∫
D
; the analogical notation is employed for any A ⊂ Z, thus
∼∫
A
= 1|Z|
∫
A
. Further, for any D ⊂ Y , H1#(D) is the Sobolev space W 1,2(Y ) = H1(Y ) of
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vector-valued Y-periodic functions (indicated by the subscript #). We define the usual
elasticity bilinear form,
as (w , v) =∼
∫
Ys
(IDey(w)) : ey(v) ,
where ey(w) = 1/2(∇yw+(∇yw)T ) is the strain tensor associated with the displacement
field w .
The local microstructural response is obtained by solving the following decoupled prob-
lems:
• Find ωij ∈ H1#(Ys) for any i, j = 1, 2, 3 satisfying
as
(
ωij +Πij, v
)
= 0 , ∀v ∈ H1#(Ys) . (3.2)
• Find ωP ∈ H1#(Ys) satisfying
as
(
ωP , v
)
=∼
∫
ΓY
v · n [m] dSy , ∀v ∈ H1#(Ys) . (3.3)
• Find (ψi, pii) ∈ H1#(Yf )× L2(Yf ) for i = 1, 2, 3 such that∫
Yf
∇yψk : ∇yv −
∫
Yf
pik∇ · v =
∫
Yf
vk , ∀v ∈ H1#(Yf ) ,∫
Yf
q∇y ·ψk = 0 , ∀q ∈ L2(Yf ) .
(3.4)
Using the characteristic responses (3.2)–(3.4) obtained at the microscopic scale the homog-
enized coefficients, describing the effective properties of the deformable porous medium,
are given by the following expressions:
Aijkl = as
(
ωij +Πij, ωkl +Πkl
)
, Bˆij = − ∼
∫
Ys
divyω
ij = as
(
ωP , Πij
)
,
M = as
(
ωP , ωP
)
=∼
∫
ΓY
ωP · n dSy , Kij = η¯−1 ∼
∫
Yf
ψji = η¯
−1 ∼
∫
Yf
∇yψi : ∇yψi .
(3.5)
Obviously, the tensors A = (Aijkl), Bˆ = (Bˆij) and K = (Kij) are symmetric, A adheres
all the symmetries of ID; moreover, A is positive definite and M > 0. The hydraulic per-
meability K is positive semi-definite in general, although it is positive definite whenever
the channels intersect all faces of ∂Y and Yf is connected. Using the fluid compressibility
γ and the volume fraction φf = |Yf |/|Y |, we define
B := Bˆ + φfI . (3.6)
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3.2 Mesoscopic problem
The first level homogenization ε→ 0 of the model (2.6) yields the mesoscopic problem
governing the fluid redistribution between the deforming microporous material and the
mesoscopic channels. The mesoscopic model describes the coupled Darcy and Stokes flows
in the deforming porous fractured medium whose properties are constituted by the Biot
poroelastic model. The weak formulation of the mesoscopic problem involves the following
functional spaces: W c = {w ∈ H1(Ωc)|w = 0 on ∂extΩc}, Vm = {u ∈ H1(Ωm)|u =
0 on ∂uΩm} and Qm = H1(Ωm). The porous structure is fixed on a part of the boundary
∂uΩm ⊂ ∂Ωm ∩ ∂Ω.
Weak formulation. Find (u ,w , pm, pc)(t, ·) ∈ Vm× [W c+ v¯ ]×H1(Ωm)×L2(Ωc) such
that∫
Ωm
(Ae(u)− pmB) : e(v)−
∫
Γ
pmn
[c] · v =
∫
∂extΩm
φ¯sg · v +
∫
Ωs
φsf
s · v , v ∈ Vm ,∫
Ωm
∇qm ·K (∇pm − f f ) +
∫
Ωm
qmB : e(u˙) +
∫
Ωm
Mp˙mqm −
∫
Γ
qmw · n [c]
=
∫
∂extΩm
qmφf (u˙ − v f ) · n , ∀qm ∈ Qm ,∫
Ωc
2ηe(w + ˙˜u) : e(ϑ)−
∫
Ωc
pc∇ · ϑ+
∫
Γ
pmn
[c] · ϑ =
∫
Ωc
f f · ϑ, ϑ ∈W c ,∫
Ωc
qc∇ · (w + ˙˜u) = 0 , ∀qc ∈ L2(Ωf ) .
(3.7)
The r.h.s. integral in (3.7)2 expresses the relative outflow form the matrix part, i.e. −w¯n =
−w¯ ·n = −n ·(v f− u˙), which is prescribed by the boundary condition. As the byproduct
of the first level homogenization, we obtain the following interface conditions on Γ,
n [c] · (w |Ωc −w |Ωm) = 0 ,
pc − pm = 2ηe(w |Ωc) : n [c] ⊗ n [c] ,
t · ∂nw |Ωc + n · ∂tw |Ωc = 0 ,
(3.8)
where ∂n = n · ∇ and ∂t = t · ∇ with t being a unit vector in the tangential plane of
Γ, i.e. n · t = 0. It is worth noting that the 3rd condition in (3.8) corresponds to the
free-slip condition, in contrast with the Beavers-Joseph-Saffmann condition derived also
by the homogenization on a flat interface between the two flows, see e.g. [3], cf. [5].
Problem (3.7) is then subject of the second level homogenization which gives rise the
macroscopic problem.
4 MACROSCOPIC MODEL – THE SECOND LEVEL UPSCALING
The mesoscopic heterogeneous structure is generated as a periodic lattice using the
mesoscopic cell decomposed into the “microporous” matrix and the mesoscopic channels,
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Z = Zm∪Zc∪ΓZ , which are separated by the interface ΓZ . The global domain Ω generated
by δZ as a periodic lattice is decomposed into the corresponding parts, Ω = Ωδm∪Ωδc ∪Γδ.
We recall that the interface ΓδZ of real-sized cell part δZm = Z
δ
m is “immersed” in the
fluid; this is is the assumption involved in the 1st level homogenization.
The second level homogenization associated with the asymptotic analysis δ → 0 leads to
the following local problems governing the local characteristic responses which constitute
the macroscopic effective parameters of the double porosity medium.
4.1 Local problems and homogenized macroscopic coefficients
The following bilinear forms are employed:
am (u , v) =∼
∫
Zm
Aez(u) : ez(v) , bm (p, v) =∼
∫
Zm
pB : ez(v) ,
cm (p, q) =∼
∫
Zm
∇zq ·K∇zp , dc (w , ϑ) = 2η ∼
∫
Zc
ez(w) : ez(ϑ) ,
〈u, w〉Zc =∼
∫
Zc
uw .
To compute the homogenized macroscopic coefficients, the mesoscopic problems for
characteristic responses must be solved. The following four decoupled local problems in
the matrix are defined: Find ωij,ωP ∈ H1#(Zm)/R3, and pik, ϕk ∈ H1#(Zm) such that,
am
(
ωij, v
)
= −am
(
Πij, v
) ∀v ∈ H1#(Zm) ,
am
(
ωP , v
)
= bm (1, v)− ∼
∫
ΓZ
n [m] · v ∀v ∈ H1#(Zm) ,
cm
(
pik, q
)
= −cm (zk, q) ∀q ∈ H1#(Zm) ,
cm
(
ϕk, q
)
= − ∼
∫
ΓZ
qn
[m]
k ∀q ∈ H1#(Zm) .
(4.1)
Moreover, three mesoscopic problems for characteristic responses in the channels must
be solved:
1. Find (ψij, pˆiij) ∈ H1#(Zc)/R3 × L2(Zc), such that,
dc
(
ψij, ϑ
)− 〈pˆiij, ∇z · ϑ〉Zc = −dc (Πij, ϑ) ,〈∇z ·ψij, q〉Zc = − 〈∇z ·Πij, q〉Zc , (4.2)
for all (ϑ, q) ∈ H1#(Zc)× L2(Zc).
2. Find (ψP , pˆiP ) ∈ H1#(Zc)/R3 × L2(Zc), such that,
dc
(
ψP , ϑ
)− 〈pˆiP , ∇z · ϑ〉Zc = − ∼∫
ΓZ
ϑ · n [c] − dc
(
ω˜P , ϑ
)
,〈∇z ·ψP , q〉Zc = 0 , (4.3)
for all (ϑ, q) ∈ H1#(Zc)× L2(Zc).
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4.2 Homogenized coefficients
In the following expression, we employ function ψ˜
ij
= ψij − ω˜ij. The following ho-
mogenized coefficients are involved in the macroscopic problem introduced below. They
are expressed using the characteristic responses of local problems (4.1), (4.2) and (4.3).
Aijkl = am
(
Πkl + ωkl, Πij + ωij
)
,
Bij = φmB ij − am
(
ωP , Πij
)
,
Hij = − ∼
∫
Zc
ϕjn
[m]
i = cm
(
ϕi, ϕj
)
,
Q∗ij =∼
∫
ΓZ
pijn
[c]
i .
(4.4)
Cij = φmB ij + bm
(
1, ωij
)− ∼∫
ΓZ
n [c] · ψ˜ij ,
Kij = cm
(
zj + pi
j, zi + pi
i
)
,
Qij = cm
(
zi, ϕ
j
)
=∼
∫
ΓZ
piin
[m]
j ,
M = φmM + am
(
ωP , ωP
)
,
(4.5)
Sijkl = dc
(
Πij +ψij, Πkl +ψkl
)
,
Fij = φcδij + dc
(
ψP , Πij
)− ∼∫
Zc
pˆiP∇z ·Πij ,
Eij = dc
(
ω˜P , Πij
)
,
(4.6)
The following relationships hold,
Qij = −Q∗ji , Cij = Bij + φcδij , (4.7)
and we introduce
Pij = φcδij −Qij , P∗ij = φcδij +Q∗ij , (4.8)
Except of coefficients Qij and Pij, thereby also Q∗ij and P∗ij, all other coefficients are
symmetric tensors, i.e. aij = aji. Moreover Sijkl = Sklij.
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4.3 Macroscopic problem
The second level homogenization leads to the following macroscopic problem: Find
(u0,w 0, p0) ∈ V Ω × (W Ω + w¯)×H1(Ω), such that∫
Ω
(Aex(u0)− p0B) : ex(v 0)− ∫
Ω
v 0 ·Q∗(∇xp0 − f f )−
∫
Ω
v 0 ·Hw 0
=
∫
∂σΩ
(φm − φ¯m)p0n · v 0 −
∫
Ω
p0v 0 · ∇φm +
∫
Ω
φmφsf
s · v 0 +
∫
∂Ω
φ¯mφ¯sg · v 0 ,∫
Ω
q0C : ex(u˙0) +
∫
Ω
∇xq0 ·
(K(∇xp0 − f f )−Pw 0)+ ∫
Ω
q0Mp˙0 = −
∫
∂wΩ
q0n · w¯∫
Ω
ex(ϑ
0) :
(Sex(w 0 + u˙0) + E p˙0 +Fp0)
+
∫
Ω
ϑ0
(Hw 0 +P∗(∇xp0 − f f )) = ∫
∂pΩ
φ¯cp¯
0n · ϑ0 ,
(4.9)
for all (v 0, q0,θ0) ∈ V Ω ×W Ω × H1#(Ω). By V Ω ⊂ H1(Ω) we denote the space of
admissible macroscopic displacements u0 vanishing on ∂uΩ, whereby the space W Ω ⊂
H1(Ω) contains velocities vanishing on entire ∂Ω, see the boundary conditions in the
initial formulation (2.3)-(2.4).
With the assumptions on the medium periodic structure, i.e. ∇φm = 0, and for the
usual case φm = φ¯m, the first two integrals involving p
0 at the r.h.s. of (4.9) vanish. For a
special case φ¯m = 1, further symmetries can be observed, since φc = 1−φm; in particular,
the first two r.h.s. integrals are replaced by
−
∫
Ω
p0φc∇ ·w 0 −
∫
Ω
∇p0 ·w 0 ,
which give rise the following substitutions in eq. (4.9)1:
B := C , and Q∗ := P∗ . (4.10)
5 NUMERICAL ILLUSTRATION
In following part the results of numerical simulation illustrating the hierarchical three-
scale model proposed above are presented. The computation of effective coefficients can
be split into a few steps:
1. Find correctors on the microscale ωij,ωP ,ψi, pii as solutions of autonomous prob-
lems (3.2)-(3.4) on the cubic periodic cell Y .
2. Compute effective coefficients A ,B ,M and K given by (3.5) relevant on the meso-
scopic level.
3. Find the mesoscale correctors ωij,ωP , pik, ϕk,ψij, pˆiij,ψP and pˆiP as solutions of
(4.1), (4.2) and (4.3) on the cubic periodic cell Z.
9
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4. Compute effective coefficients A,B,C,E ,F ,H,K,M,P ,Q and S introduced in
(4.4), (4.5) and (4.6).
Obtained effective coefficients relevant to the macroscopic scale are then used in simple
macroscopic problem.
The macroscopic model and all the autonomous problems at the meso- and microscopic
levels were implemented in SfePy software [1] which allows for multiscale simulations using
the FE method. The macroscopic fields w 0 u0 were approximated using the Lagrangian
elements Q2 and for macroscopic pressure field p0 the Q1 elements were used.
The solution of macroscopic problem is illustrated on the simple specimen shaped as a
block (10.0× 3.4× 3.4)m with material properties given by effective coefficients obtained
through the two-level upscaling from the mesoscopic level. The mesoscopic structure is
represented by a periodic cubic cell Z consisting of the microporous matrix Zm and the
fluid-filled channel Zc, see Section 4. The characteristic size of the real-sized cell Z
δ
is δ = 10−1. Viscosity of the fluid in the channel is taken as η = 10−3Nsm−2. The
microporosity is represented by the channel Yf in the cubic cell Y . Fluid viscosity at this
level is rescaled according to (2.2), thus η¯ = ε−2η. The elasticity parameters of the solid
matrix are as follows: the Young’s modulus E = 3GPa and the Poisson’s ratio ν = 0.34.
The geometry representations of the micro-, meso- and the macroscopic level structure
are shown in Fig. 2 where the split of the boundary ∂Ω is illustrated, showing the two
segments Γin ⊂ ∂Ω, and Γout ⊂ ∂Ω. In the context of (4.9), ∂Ω ≡ ∂wΩ whereas Γout ≡
∂pΩ.
Figure 2: Left: Macroscopic geometry, definition of boundaries Γin, Γout; Middle: Mesoscopic geometry
consisting of fluid (Zc) and porous matrix (Zm), definition of point C; Right: Microscopic geometry
constituted by fluid part Yf and solid Ys.
In order to illustrate macroscopic behavior of deforming double porosity specimen
defined by (4.9), the following boundary conditions are considered:
w 0 = w¯ 0 = −nw¯0 on Γin,
w 0 = 0.8w¯ 0 = n0.8w¯0 on Γout,
w 0 = 0 on ∂Ω \ (Γin ∪ Γout).
p0 = 0 on Γout,
u0 = 0 on Γin,
10
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The seepage velocity w¯0 captures a parabolic profile along the cross-section Γout and/or
Γin, such that w¯
0 = 0 at the edges ∂Γout and/or ∂Γin. For simplicity, volume forces and
surface tractions are omitted, thus f f = 0, f s = 0 and g s = 0. Results of the numerical
simulation at the macroscopic level are shown in Fig. 3, where displacement u0, velocity
w0 and pressure p0 fields are displayed.
Figure 3: Macroscopic fields: Top: local magnitudes of the displacement |u0|, deformed structure
displayed. Middle: pressure p0; Bottom: magnitude of relative fluid velocity w0.
6 CONCLUSION
In the reported work we propose a new model describing viscous flows in the homog-
enized double porous deformable medium in terms of coupled Darcy and Brinkman type
equations; the phenomenon of deformation introducing the Biot poroelastic coefficients
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into the meso- and macroscopic formulations presents the major novelty of the work when
compared with our paper [8]. We studied the two-level homogenization of Stokes flows
in the microporous material which is drained into the mesoscopic pores. In the proposed
model, the mesoscopic pores are much larger than the viscous boundary effects at the in-
terface. When each of the porosities is a connected domain, the flow in both is described
by two fields, w 0 and p0, for which boundary conditions must be specified independently.
The macroscopic model is not fully symmetric as the result of the fluid-structure inter-
action. As a future work, we intend to validate the macroscopic model using the direct
simulations of a heterogeneous structure at the mesoscopic level.
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